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Abstract

In this paper, we present a weighted essentially non-oscillatory (WENO) scheme for dispersive equations which may
generate physical high-frequency oscillation in the non-smooth interface. The third derivative term is approximated directly by
a conservative flux difference. A finite-difference WENO scheme of fifth-order is constructed for the discretization of spatial
differentiation. The wave behavior of linear and nonlinear dispersion equations is simulated by using the proposed scheme
in space direction and the third-order TVD Runge—Kutta method in the time direction. Numerical examples demonstrate the
accuracy and good performance of the proposed scheme.
© 2022 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

Weighted essentially non-oscillatory (WENO) schemes are generally used to approximate hyperbolic conserva-
tion laws and the convection terms in convection-dominated partial differential equations (PDEs). After the first
introduction of the third-order accurate finite volume WENO scheme in 1994 by Liu, Osher, and Chan [14] in
one space dimension, a general framework for designing arbitrary order accurate finite difference WENO schemes
was provided by Jiang and Shu [11] in 1996. Various types of highly effective conservative finite volume and
conservative finite difference WENO schemes were further developed to solve hyperbolic conservation laws since
then by many researchers [4,7,8,12,15,24,25].

Since the last decade, researchers have also paid attention to the discretization of the second derivative by the
WENO method. Consequently, the finite difference WENO technique was presented originally for the nonlinear
degenerate parabolic equations which may contain discontinuous solutions in [16]. A new finite difference WENO
procedure was given by using optimum polynomial in the stencil in [2]. Both explicit and implicit finite volume
WENO schemes were developed on non-uniform computational meshes in [3]. An efficient sixth-order finite
difference WENO scheme was obtained with a new type of nonlinear weight by Rathan [20]. High order finite
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difference multi-resolution WENO method for the second derivative was constructed in [10]. A six-order finite
difference WENO method was constructed based on Legendre orthogonal monic polynomial in [1].

In this paper, we design a direct WENO scheme for dispersive equations in which the third derivative is included.
The solution of dispersive equations may have smooth, high-frequency oscillation or shock wave behavior, depended
on the non-linearity and smoothness of the function. Our main focus in this paper is the prototype equation of the
form in the following:

ur + f(u)x + g(u)xxx =0. (11)

For such type of dispersion-dominated equations, we here describe the Rosenau—Hyman equation, which also
called K (n, m) equation: u; + (u™), + @™ )xxx = 0, specifically. For certain values of n and m, the Rosenau—Hyman
equation has compactly supported solitary wave solutions. These structures, the so-called compactons, have several
things in common with soliton solutions of the Korteweg—de Vries (KdV) equation. For example, a single compacton
moves with a velocity that is proportional to its amplitude. Several compactons with different velocities move and
collide, and experience nonlinear interactions, resulting in phase shifts. In addition, one general initial data can be
decomposed into a series of compactons. The compacton is continuous at the endpoints of its compact support, but
the first derivative of the compacton at the endpoints is discontinuous. Physical oscillations occur near these points
and become more pronounced as the degree of nonlinearity increases.

The numerical solution of the Rosenau—Hyman equation is a challenging problem due to the co-existence of
dispersion effect and nonlinearity. The widely used numerical method is the pseudo-spectral method in space [5,21].
These methods require the use of high-pass filter for artificial dissipation (hyperviscosity), and also retain the
positiveness of the solution, but the sign may change after the compacton collision. The finite difference method
with Padé approximation [19], the local discontinuous Galerkin method [13], the second-order finite difference
method [9] and the line method [22] based on adaptive mesh refinement have also been successfully applied.

The dispersive wave Eq. (1.1) has features that are similar to those of hyperbolic conservation law, such as the
possible existence of sharp fronts and the finite speed of propagation of wavefronts. Therefore, it is reasonable to
generalize the numerical techniques for solving hyperbolic conservation laws, such as the WENO technique, to
solve (1.1). This would involve a careful adaptation of the WENO procedure to ensure the conservation, accuracy,
and non-oscillatory performance. In this paper, the direct WENO scheme for the third derivative is introduced in
detail. In Section 2, we present the high order direct WENO approximation procedure, also the specific description
and analysis of fifth-order WENO approximation. In Section 3, the numerical method in the time direction and
corresponding CFL restriction is analyzed. The accuracy and non-oscillatory performance of the fifth-order direct
WENO scheme for the third derivative are provided by numerical examples in Section 4. In Section 5, we give
brief concluding remarks.

2. Direct finite difference WENO scheme for dispersive equations

We derive a direct finite difference WENO scheme to the third derivative in conservation form. Assume the
uniform mesh is distributed as follows:
xelx,xl, xj=x+G-DAx, j=1:N, xi=x, Xy=2x,
Xinr + X (2.1)
=[x, 1.x,1] x5 =222
J=3 Jt3 Jt+3 2
where Ax is the spatial step size. u; is defined as a nodal point value u(x;, t).
We are constructing the following conservative finite difference scheme for (1.1) of the form:

duj By =y Gy =Gy 2.2)
dt Ax Ax
where F and G are the numerical flux for convection and dispersion, respectively. For the convection flux, we
require it is consistent with the physical flux F(u, ..., u) = f(u), also is Lipschitz continuous with respect to all

its arguments.

For the treatment of the convection term is a well researched topic in conservation laws, the readers can refer
to [11] for the detailed construction procedure. At the end of this section, we give a brief (Remark 3) for the specific
calculation method of the convection term in practice.
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We will focus on the dispersion term and present a kth order accurate conservative finite difference scheme as:

A A

9

T 8lim; + O(AXY). (2.3)

where G 1 is a numerical dispersion flux at the cell boundary Xy
We deﬁne function p(x) implicitly, such that:

e
gu) = A0 / / / p(0)dod&Edn, 2.4)

then by triple derivation, we have

p(x+%Ax)—3p(x+%Ax)+3p(x— %Ax) plx — —Ax)

g(u)xxx = Ax (25)
We define function G(x), such that

Gl = px + Ax) — 2p(x) + p(x — Ax) 2.6)

Ax?

then we have
Gx; 1) —G(x;_1)

g(u)xxx|x:x- = <A 72 . (27)

/ Ax

If we have numerical flux G +1 which is an approximation to G(x 1) up to kth order, then we have Eq. (2.3).
For stability, it is similar to the ‘Teconstruction procedure for numerlcaf fluxes for convection terms, we split g(u)
into two parts, that is g(u) = g*(u) + g~ (u) with dgau(”) >0 and agau(”) <0, and G*(x) and G~ (x) are defined by
(2.6) according to g*(u) and g~ (u), respectively. We would like to reconstruct numerical fluxes é;;l and éj_+ 1

2 A
to approximate G*(x . j+l ) and G~ (x j+l ) up to k order, respectively. Finally, we define numerical fluxes G jloas

G...=G" +G°
Jt2 J+; ]+2

and GJ. +1isan approximation to G(xj +1 ) up to k order.

Now we would like to describe the reconstruction procedure for GZI, and procedure for Gf+1 is mirror
JT2

JT3
symmetrlc respect to )Cj

Step 1: We choose a blg stencil, § = [x;_,, ..., Xj4r42], resulting in a scheme with order of accuracy k = 2r+1.
In this stencil, a polynomial p(x) of degree 2r + 2 based on node information can be obtained, which is used to
approximate p(x) and satisfies:

xm+ E+f
A / f f p(0)dodEdn =g, m=j—r...,j+r+2. (2.8)

Now we can obtaln polynomlal approximation A(x) of G(x) by (2.6). If the fifth-order approximation is taken
into specification, which in the case of r = 2, the explicit polynomial expression A(x) of degree at most four in
this stencil:

h(x) = (—4725gj +2140g7,, +315¢], —222¢7 5 +37¢},, +2658¢] | — 203gj+_2)

1 [ 1
Ax? L 1920

328 199 8 1 64 3
+ 9800(8}F - %8}:1 + %g;rz - gg}:-:i + gg;‘rﬂ - %gj 1 24581 2)‘5
17 10 5 4 22 19 2
+ 2760<gj 69g1+1 - gg}:_z + gg}:_:; - @3,’_,_4 2381 1 69gj 2)§ (29)
5 . 8 [N 16 3 3
- 5600(g ng 7gj+2—§gj+3+§gj+4—§g +3581 2)5
2 + [ 2 1 4
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where & = %. We choose consecutive small stencils $; = [xj_4, ..., Xj442] for I =0, ..., r, resulting in a
series of lower order schemes.

In small stencil S;, the polynomial p;(x) is satisfying:

1 Xm+% n+% $+%
E/ A /A /A p(0)dodgdn = gt, m=j—r+1, ..., j+1+2. (2.10)
g I e

Xm—

When r = 2, we can find three second degree polynomial expression which are based on nodal point information
and satisfying the flux splinting:

ho(x) :A%z [ (%g,ﬁl - égﬁz + gg,tl - ég,iz - %g,-*) - (g,il - %gﬁz —gl, + %gﬁz)é‘
+ Ggf —2¢f,, + %g,ﬂz —2g, + %gf,z)éz ]
hi(x) =ﬁ [ (%gf_l - %gf + %g,i] + %gﬁz - %gf+3)+ (Sg,+ — 687, +38/ 15— %gﬁg o
- %gf-l )& - (26F =3/ + 28} - %gﬁs - %&*—1)52 | |
ha(x) =ﬁ [ (%8} - 1778,-11 + %778,-12 - gg,ta + %g,h)— ( ggf — 981 12871, — 78]
+ %8,14 )&+ (%gf — 28711 +387n — 2855 %gfﬂ)éz |

Step 2: We find the constant linear weights d;, so that i(x) on the big stencil is a linear combination of /;(x)
on the small stencils with d; as the combination coefficients

h(xj, 1) =) di(x, ). 2.12)
1=0

since by consistency Y ,_,d; = 1.
For the fifth-order approximation with three small stencils, from (2.12), we could obtain the linear weights

R
15 ' 2730

Step 3: We define the smoothness function, intending to maintain the same high order accuracy for smooth
solutions and non-oscillatory performance near discontinuities of the scheme.

b = ;szm /Ij(%hl(x))zdx, (2.14)

Its explicit expression for the case of r = 2 are:

dy = (2.13)

1 + 2 +
Bo = 3 < (3g;"__ 3gj_+] + 8j+2— gj__l) + (3gj - 38;—4.1 + g;‘:_z - gf—l)(g;‘:_l - 3ng + 3gj+_1 — g;'__z)
+ (“3gf +af +38, - &)’ ) +6g) —4gl, + 80 —4e 8%
1
B = 5 < (78}F - 98}:-1 + 58}:2 - gj+3 - 28;__1)2 + (3gj_ - 38;‘:.1 + g;.z - g;_l)z

+ (Tg] —98f1 +58 2 —&fs — 28 D3] =3¢l + &gl D) )
+ (48;— - 6gj_+1 + 43}:2 - gj'_+3 - g;‘tl)z’

1
B = 3 < (28] + g1, — 98} 2+ 583 — 8/ + (=3¢ + 1lg} —15¢),+ 98,5 —2¢,,)’

2.15
+(—287+7 g5 — 98 oo+ 585 — g h (38 +11 gl —15g T, +9gF,5 — 285 ) (2.15)

2
+ (8] —4g) 68, — 48t &)
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We expand the above smoothness indicators 8;, [ =0, 1, 2 at grid point x;:

13 1 1 1
—(oF Y AxS <_+2_++)A8(_+A2 ot ot
Bo (gxxx) X+ 12(gxxxx) + ngxxgxxxxx X"+ 16(gxxx,m) + 20gxxxgxx,mxxx
13
+ %g;cxxg;cxxxx ) Ax' + O(Axlz)’
13 1 1 13
:31 :(g;"xx)zAx() + <_(g;cxx)2 - _g;xg;\fxxx)Axg + (__g;cxg;xxxx + _g)-ctvxxg.)—ctcxxx)Axg
2 2 2 60 2.16)
55 17 13 ’
(ot 2 o+ ot Tt + Ax0 L oA
+ (48 (gxxxxx) 60 8rxx8xxxxxxx T 9 gxxxxgxxxxxx> x4+ 0(Ax),
13 7 13
ﬁ2 :(g;rxx)zAx6 + <E(g;rxxx)2 - Egjxxg;rxxxx)Axs + <_5gjcrxxgjxxxxx + ?g;rxxxg;rxxxx)Axg

355 257 169
(gt 2 220+ ot L+ A0 1 oA,
+ ( 1g Greend)” ~ o5 Brre8rrrree T 30 8rra gmm) 20 4 0(Ax'

where the grid point subscript of all derivatives is ignored to avoid confusion. So we notice

if g #0, then B = D(1+ O(Ax?) forl =0,1,2.

, 2.17)
if g . =0,g" . #0, then B = D(1 + O(Ax)) forl =0, 1, 2.

In general, we have
B = D(1 + O(Ax)). (2.18)

Step 4: We change the linear weights d; in (2.12) to nonlinear weights. We first consider the nonlinear weights
in [11]:

d 1)

@ = m o = Zibz' (2.19)
Remark 1. By Taylor expansion, we notice in order to achieve the fifth-order accuracy forr =2,/ =0,...,r in
smooth region, it should at least satisfy w; — d; = O(Ax?).

However, if the nonlinear weights (2.19) are used, we can only achieve
w—d=0(Ax), [ =0,...,r. (2.20)

with above smoothness indicators.
In order to increase the accuracy of the nonlinear weights, we choice to use the mapped WENO nonlinear weights
introduced in [7]. Here the mapped weight function is defined:
w(d; + d,2 —3diw + w?)

Gi(w) = Tl -2d) 1=0,...,r 2.21)

This function is a non-decreasing monotone function with the following properties:

1.0<G(w <1, GO)=0, G()=1.
2.Gw)~0if wo~0, Glw~1ifw1l.

(2.22)
3. Gi(d) = G/(dy) = G/ (d) = 0.
4. Gi(w) = d; + O(Ax®) if w = d; + O(Ax?).
The mapped nonlinear weights are then given by
of = UM =G, =0, .r (223)
Dm0
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Remark 2. By Taylor expansion of G;(w;) for d; and with the condition (2.20), we have oz,M =d;+ 0(Ax?). Finally,
we obtain the expected order of accuracy a)ZM =d + 0(Ax>, 1=0,...,r.

Step 5: The final reconstruction of the semi-discrete finite difference mapped WENO flux is given by:
A+ M _
i, = ;:wl hi(x 1), 1=0,....r (2.24)

If we use the linear weights and linear combination on the right-hand side of (2.12), then we would get back
the linear scheme on the big stencil, which will be accurate for smooth solutions but will be oscillatory near
discontinuities.

Remark 3. In later numerical experiment, we use the above fifth order direct WENO scheme (r = 2) for dispersion
term in (1.1). For the first derivative, we use the fifth order finite difference WENO scheme with mapped nonlinear
weights as (2.21), (2.23) and its corresponding linear weights in [7], so that we can achieve the fifth order
computational accuracy in general.

Remark 4. The extension of present scheme to two-dimensional case, the spatial discretization procedure can be
proceeded by dimensional by dimensional manner.

3. Runge-Kutta time discretization

Up until now we have considered only spatial discretization. Eq. (1.1) is equivalent to the first order ODE system
after spatial discretization with finite difference WENO scheme [7] for first derivative and direct fifth-order WENO
scheme obtained above for third derivative as:

du
i L(u). (3.1

This ODE system can be discretized by a suitable ODE solver. We use the third order total variation diminishing
(TVD) Runge—Kutta method [6] to solve (3.1), which is given by

u(l) :un —+ AtL(Mn),
o2 Lo
u _ZM + Zu + 1 L), G2
1 2 2
U =§“n + §u(2) + §AtL(u(2)).

This explicit time discretization has the advantage of maintaining nonlinear stability. However, it may not be
the most efficient solver because of the time step restriction At = O(Ax?). Nevertheless, for dispersion-dominated
equations, this time discretization could still be a suitable choice.

In order to ensure numerical stability for dispersion term, the time step satisfying the Courant-Friedrich-Lewy
(C F L) stability condition must be carefully selected. To determine the C F L condition of the form At = CFL-Ax?,
we consider the fifth order finite difference scheme on big stencil and the third order TVD Runge—Kutta method
in time for the dispersion equation u; + u,,, = 0. Evaluate the numerical flux at Xiy 1 by (2.9):

1 21 1 23 7 19 7
_ + + + + + + +
h(ijr%) = _Egj72 + 4—081-,1 + ggj - Egj+1 + Zgj+2 - Egﬁ% + mng- (3.3)

The numerical flux at X;_1 also can be obtained by simply shift (3.3) by one point to the left. Inserting these
to (2.3) and applying the third order TVD Runge—Kutta method in time direction, we can deduce the amplification
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Table 4.1

Order of accuracy at T = % in x € [—10, 10] for Example 2.
N Lo order L order L, order
80 2.4085e—02 4.0875e—03 6.7210e—03
160 1.0183e—03 4.5640 1.8039¢—04 4.5020 2.9209e—04 4.5242
320 2.8075e—05 5.1807 5.2863e—06 5.0927 8.6104e—06 5.0842
640 8.4993e—07 5.0458 1.7414e—07 4.9239 2.7673e—07 4.9596

factor by Fourier transform:

71 49 61 49 89 . 2
Q,o)=1—0 ( ——(cos({) —1i sm({)) - — cos({) —l sin(¢) + — —|— (Cos(g“) +i sm(;))
120 40
8 7 1
-3 —(cos(¢) +i s1n(§)) + E(COS(C) +i sm(g“)) (cos(;) —i sm(;“)) )
1, 71 49 61 49 89 . 2
+ =0 ( ———(cos(¢) — i sm(g‘)) - — COS(§) — l sm({) + — + (cos(¢) + i sin(¢))
2 120 40 (3.4)
5 .
_ 185 (cos(¢) +i sm({)) + j%(cos@) +i sm(;‘)) 5 (cos(;) —i sin(;))3)
1 71 49 61 49 89
— 803 ( —m(cos(g) —1 sm(g“)) - — cos({) — —1 sin(¢) + — + 20 (COS(C) +i sin(;))2
8 7 1
- —(cos(¢) +i sm({)) + m(eos@) +i sm(g“)) (cos(() — isin(Z)) )
where 0 = AA—;}. From the stability condition |Q(o, ¢)| <1 for all ¢ € [—m, ], we obtain the C F L condition
At
0<o = s < 0.30480. (3.5)

4. Numerical tests

In the following examples, we present numerical results and analysis for some dispersion-type equations with
various initial conditions. Since the explicit third-order TVD Runge—Kutta method is applied for time direction, the
CF L stability condition requires the step size on time direction as:

A.1)

CFL-Ax3 CFL- Ax3 )
max(| f/(u)])” max(|g'()])/”
For all numerical simulations in this paper, we take CFL = 0.3 as obtained by Fourier analysis for the linear
dispersion equation in the previous section.

At < min(

Example 1. We compute the classical soliton solution of the KdV equation in nonlinear case:
uy — 3y + ey =0,  —10 <x < 10. (4.2)

The exact solution is u(x, t) = —2sech?(x—4¢). The accuracy order is measured with periodic boundary condition
and initial condition extracted from the exact solution. The numerical errors in terms of L, L, and L., norms and
fifth-order convergency order at 7 = 1 in x € [—10, 10] can be seen in Table 4.1.

Example 2. We compute the conservation law with zero dispersion limit

u?

u + (7)x ERP—Y 4.3)

with continuous initial condition
u(x,0)=24+0.5sin2rx), 0<x<2m
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T=0.5, e=10"*, N=200 T=0.5, ¢=10"°, N=500 T=0.5, ¢=10", N=1500
3t 3
25| 25"
2 2
15 : 15 : 1.5 ‘
0 0.5 1 0 0.5 1 0 0.5 1

Fig. 4.1. Numerical solution of KdV equation with 7 = 0.5 in x € [0, 2] for Example 2.

and discontinuous initial condition

1 025<x <4,

u(x, 0) = 0 else

Considering this dispersive nonlinear KdV equation(¢ — 0) with periodic boundary condition, dispersive shock
wave behavior is expected for small ¢. In this example, we illustrate the capability of our code in resolving high-
frequency wavelets for very small ¢ and produce continuous wavelets in the vicinity of the discontinuity. The
solution is simulated at T = 0.5 with ¢ = 107%, 107>, 1075, respectively, and plotted in Fig. 4.1. For comparison,
the similar physical downstream oscillations of the continuous wavelets are captured in [15,18]. The results show
that the solutions are noise-free particularly before and after the dispersive shock.

Consider above equation with discontinuous initial condition and inflow—outflow boundary condition, we can
observe a left-propagating dispersion-shock wave in every discontinuous interface and the amplitude of the wave
increases through time. The evolution of a top-hat initial solution into a train of traveling waves can be observed
from Fig. 4.2, which even with physical discontinuous initial data, the zero-dispersion limit solutions are not
discontinuous, but evolve fine-scale continuous wavelets, eventually separating into solitary waves. The dispersion-
shock wave in discontinuous interface plotted with present scheme seems to be more accurate and elastic than the
ones plotted with [17,18] under the same mesh.

Example 3. In this example, we show the numerical simulations for the Ito-type coupled nonlinear problem

U — (3112 + Uz)x — Uxxx = 0,

v, — 2(uv), = 0. “.4)
with initial condition
u(x,0) =cos(x), wv(x,0)=cos(x). 4.5)
and Gaussian initial condition
u(x,0) = exp(—xz), v(x,0) = exp(—xz). 4.6)

with periodic boundary condition.

Dispersive wave and shock-similarity wave profile can be observed for u# and v, respectively, from Figs. 4.3 and
4.4. These results are coincide with the ones obtained by Local discontinuous Galerkin method in [23].
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T=0.01, N=1500 _ T=0.05, N=1500 _ T=0.1,N=1500

Fig. 4.2. Numerical solution of KdV equation with ¢ = 107% at T =0, 0.01,0.05,0.1 in x € [0, 5] for Example 2.

T=0 T=0.5 T=1
1 r
1
0.5
of
u
u
-0.5
-1
0 2 4 6
1 T=0 4
2
2 .
0
v v
v
-1 -1 -2
0 2 4 6 0 2 4 6 0 2 4 6

Fig. 4.3. Numerical solution of Ito’s equation with 200 cells at 7' = 0,0.5, 1 in x € [0, 2] with periodic boundary condition and initial
condition (4.5) for Example 3.

Example 4. Considering the nonlinear dispersive case, we simulate the K (2, 2) equation
u + (u2)x + (uz)xxx =0 4.7)
with the canonical traveling wave solution
2
4% X—M _
wony = L Hleos()] 0 omsn “8)
0, Otherwise.

In order to measure the accuracy of the scheme without the interference of the non-smooth interfaces, take the
computational domain [—27, 2] with periodic boundary condition for the solution (4.8). The fifth-order accuracy
of the scheme is tested and listed in Table 4.2.
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1 T=0 1 T=1 1 T=2
051! 0.5 1 0.5
u u u
0 0
0
-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
T=0 T=1 T=2
1 1
1l
0.5¢ | o5} 08
v v v
0 o 0

-15 10 -5 0 5 10 15 -15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15

Fig. 4.4. Numerical solution of Ito’s equation with 200 cells at 7 =0, 1,2 in x € [—15, 15] with periodic boundary condition and initial
condition Eq. (4.6) for Example 3.

Table 4.2

Order of accuracy for K(2,2) equation at T = % in computational domain x € [—2m, 2] with periodic boundary condition for Example 4.
N Lo order L order L, order
40 2.3296e—05 1.0091e—05 1.2034e—05
80 1.7095e—07 7.0904 6.9898¢—08 7.1736 8.0308¢—08 7.2273
160 4.6023e—09 5.2150 2.0391e—09 5.0992 2.3109¢e—09 5.1190
320 1.2242e—10 5.2325 6.8360e—11 4.8986 7.6499¢—11 4.9169

To observe compacton-splitting behavior of K (2, 2) equation, we take the initial data:

fcos’(3), x € [—4m, 4],

up(x) = 4.9)

0 otherwise.
The wave motion at T = 10, 25, 50 are simulated and displayed in Fig. 4.5 in domain [—5m, 257 ] with N = 600
cells. We can observe that the compactons split from one initial compacton as time evolves and move to the right.
At the same time, a small residue is developed at the left interface, similarly to the LDG scheme [13]. It can be
observed that no Gibbs oscillations develop in the non-smooth interface (the edges of the compactons). The small
residue, which seems to be a compacton—anti-compacton pair, appeared in the left side of the compacton-packet
seems to be a physical one, this also detected by the LDG scheme [13]. Our scheme can distinguish between
numerical oscillation and physical oscillation without any other special treatment.

Example 5. Considering the K (3, 3) equation

ur + (u3)x + (MS)xxx =0. (410)
We compute the compacton-collision behavior of K (3, 3) equation with the initial data:
V3cos(*510), x —10] < 3%,
0 3 cos(:52), lx —25| < 3, a1
u(x,0) = 4.
\/gcos()%‘“’), X — 40| < 3,
0 otherwise.

As can be seen in Fig. 4.6, three compactons with various speeds pass through with each other during nonlinear
interaction while propagating to the right, and also maintain their coherent shapes after the collision. Despite the
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T=10 T=25 ‘ T=50
115¢
1 |
105¢r
‘ 0 ‘ ‘
0 20 40 60 0 20 40 60 0 20 40 60

Fig. 4.5. Numerical solution of K(2,2) equation with N =600 at 7 = 10, 25,50 in x € [-5x, 257] for Example 4.

T=10 ‘T=20 ‘ ‘T=30

0 20 40 60 80 0 20 40 60 80 0 20 40 60 80

Fig. 4.6. Numerical solution of K(3,3) with N =600 at T = 10, 20,30 in x € [0, 30z] for Example 5.

compactons emerge out intactly from the collision, a small residue is bounced back from the collision on the left.
Similar results are also can be found in [13]. These compactons are found to be not fully elastic as mentioned in [19],
and also obtained in the original compacton study [9]. The wavelets of the residue get even more clear along with
mesh-refinement. According to earlier-published compacton studies and numerical observation, we believe that this
phenomena is not numerically induced.

In order to observe the superiority of the direct WENO scheme over the same order finite difference scheme,
we also compare the results of the WENO scheme with linear weights (finite difference method in big stencil) and
WENO scheme with nonlinear weights in Fig. 4.7 for the compacton-collision case of K (3, 3) equation with initial
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2 T T T T T
—— WENO scheme with linear weights
—— WENO scheme with nonlinear weights
15 T
1+ J
0.5 J
0 L

Fig. 4.7. Comparison of direct WENO scheme with linear weights and direct WENO scheme with nonlinear weights with N = 600 at
T =10 in x € [0, 30xr] for Example 5.

Table 4.3
Order of accuracy for linear dispersion equation at 7 = 1 in computational domain (0, 27) x (0, 27) with periodic boundary condition for
Example 6.

N Lo order L; order L, order
10 8.4957¢—03 5.1664e—03 5.9701e—03

20 2.0644e—04 5.3629 1.2972e—04 5.3157 1.4522e—04 5.3615
40 5.6188e—06 5.1993 3.5778e—06 5.1802 3.9742¢—06 5.1914
80 1.7408e—07 5.0124 1.1080e—07 5.0130 1.2310e—07 5.0127

data (4.11) under the coarse mesh. Obviously, the WENO scheme with nonlinear weights has the advantages of
detecting this compacton residue while the WENO scheme with linear weights smoothes out completely.

Example 6. We consider two-dimensional linear dispersion equation:
Up + Uygex + Uyyy = 0. “4.12)

The exact wave solution is of the form u(x, y, t) = sin(x + y+2¢). We can see in Table 4.3 that the method gives
the fifth order of convergence with periodic boundary condition in domain (0, 27) x (0, 27). For two-dimensional
problem, the computation is proceeded by dimension-by-dimension manner.

Example 7. Considering the compacton-splitting case of 2D-K (2, 2) equation:

u + @)y + @)y + @xr + @)y = 0. (4.13)
with initial date:
2
2 h Ay — Ay — <
u(x. v, 0) = (sech(x + Ay — x0))", lx + Y- x| < 7, 4.14)
0, Otherwise.

where L =1, xo = 6.

The numerical solutions of compacton-splitting case of K (2, 2) equation obtained at the time level T = 2, 4, 6, 10
with number of grid number N, = N, = 80 are shown in Fig. 4.8. A similar wave residue with one-dimensional
case still can be observed along with propagation.
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T=2 T=4

T=6 T=10

1.5+ 15

1« 1
u u

0 04

4 sl = —
20 20 20 20
0 0 0
X \»(/ Y X T S Y
20 -20 20 -20

Fig. 4.8. Compacton-Splitting of K(2,2) equation with Ny = Ny =80 at T =2,4, 6, 10 in [-20, 20] x [-20, 20] for Example 7.

5. Concluding remark

We derive high order accurate direct weighted essentially non-oscillatory (WENO) scheme for the third derivative
by direct approximation in this paper. Numerical tests are provided for the simulation of linear dispersion equation,
KdV equation, Ito equation, K(2,2) and K(3,3) equation with various initial conditions. To our knowledge,
dispersion-type equations may have smooth, high-frequency oscillation, peakon, or shock wave behavior depending
on nonlinearity and smoothness. Here we observe the wave motion of some dispersion-type equations with smooth,
discontinuous initial data obtained by our scheme at hand. Numerical results show that our present scheme is
effective and has the advantages of high-order accuracy and non-oscillatory property. On the other hand, present
scheme imposes damping on physical oscillations, and we assume that this is due to the flux treatment of the
third derivative of the direct WENO scheme since we do not know the exact or entropy wave velocity in theory.
Dissipation increases obviously with the increase of the nonlinearity degree on third derivative, and the current
Lax—Friedrichs flux treatment is no longer sufficient. That is what we are going to focus on in the future.
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